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Abstract. This paper is a trial to prove Goldbach conjecture according
to the following process.

1. We make the fictitious function I’(n) regarding n. When an even number
n is divided into 2 odd numbers, I'(n) < I(n) holds true.

I(n) : the total number of ways to divide an even number n into 2 prime
numbers.

2. We find that 1 < I’(n) holds true in 122 < n.

3. Goldbach conjecture is already confirmed to be true up to n = 4 % 1018,
4. Goldbach conjecture is true from the above item 1. — 3.

1. Introduction

1.1 When an even number n is divided into 2 odd numbers = and y, we can express
the situation as pair (z,y) like the following (1).

n=x+y=(z,9) (n=6,810,12,------ x,y : odd number) (1)

n has n/2 pairs like the following (2).
(1,n—1),(3,n—3),(5,n—5),------

,(n—=5,5),(n—3,3),(n—1,1) (2)
We define as follows.

Prime pair : the pair where both = and y in (x,y) are prime numbers

Composite pair : the pair other than the above prime pair

I(n) : the total number of the prime pairs which exist in n/2 pairs shown
by the above (2). (p, q) is regarded as the different pair from (g, p).
(p, q : prime number)

1.2 Goldbach conjecture can be expressed as the following (3).

1< i(n) (n=6,8,10,12,- - ) (3)
Goldbach conjecture is confirmed to be true up to n = 4 * 10'3. So we will try to
prove Goldbach conjecture in the following condition

4x10"% < n

(4)
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The total number of composite pair in n/2 pairs

2.1 We can calculate the total number of composite pair where x or y is divisible by p

in n/2 pairs as follows.

n/2 pairs -

(p : prime number)

- x=1—F—vy=n-1
- ox=l———y=n-l g
- - X=p — y=n-p - -
x=p y=n-p | Composite pair e m— Composite pair
where both x and y where x or y is
are divisible by p —_— divisible by p
X=tp = y=n-tp X=n-tp ————— y=tp
n/2 pairs -
X=tp ——— y=n-tp
} (p+1) pairs } (p+1) pairs
X=n- e | )= =] -]) m—— )
P P }(p+1)/2 pairs P P } (p+1)/2 pairs
- x=n-1 —— y=1 L x=n-1 L y=1

Case 1

Case 2

— :multiple of p : non-multiple of p

Case 1 Case 2

Figure 1 . Case 1 and Case 2

: When n is divisible by p, both = and y are divisible by p in the pair of
(xay) = (tp7n - tp) (t = 17375a7a 3n/p - 5an/p - 3an/p - 1) Then
(n/p)/2 composite pairs where both z and y are divisible by p exist in n/2

pairs.

: When n is not divisible by p, (n — tp) is not divisible by p in the pair of
(x,y) = (tp,n —tp). (t=1,3,5,7, 2% [ (n/2)/p| —5,2% | (n/2)/p] —
3,2%|(n/2)/p] —1) Then [(n/2)/p] composite pairs where z is divisible by
p exist in n/2 pairs as shown in the following [Memo 1]. If (n — p) is a prime

number at t = 1, (p,n — p) is a prime pair and (|(n/2)/p] — 1) composite

pairs exist. Since the case of (z,y) = (n — tp,tp) is also similar, the total
number of composite pairs where z or y is divisible by p is 2 % |(n/2)/p| or
(2x[(n/2)/p] —2). 2% [(n/2)/p| and (2% |(n/2)/p] —2) can be approximated

to |n/p] because n is a large number as shown in (4).
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e Memo 1 N

If we divide n/2 odd numbers of (1, 3, 5, ------ ,n — 1) into groups of p,
there will always be a multiple of p in the middle of each group as shown in
the following (Figure 2). When 0 < frac{(n/2)/p} < 0.5 holds true as shown
in Case 3, the total number of multiples of p is |(n/2)/p]. Frac(z) means
(x — |x]). When 0.5 < frac{(n/2)/p} < 1 holds true as shown in Case 4,
the total number of multiples of p is [(n/2)/p]. Then we can say that the
total number of multiples of p is |(n/2)/p + 0.5]. [(n/2)/p + 0.5] can be
approximated to [(n/2)/p| because n is a large number as shown in (4).

- J
Case 3
0 = F=frac{(n/2)/7} < 0.5
7 odd numbers | 7 odd numbers 7 odd numbers
eeooo0e0e0000000000 _.J.._._‘_‘_‘_._.._._._._

135 79 1113151719 21232527 293133 35

n/2 odd numbers

F*7 odd numbers

Case 4
0.5 = F=frac{(n/2)/7} < 1
7 odd numbers | 7 odd numbers 7 odd numbers
O—O—O—‘-‘—‘-‘l—O-O—.-.—‘-H—.-.—‘-‘ —————— -‘L—.—‘-‘—‘—O—‘--‘—‘-‘—‘—O—

135 79 1113 151719 21232527 293133 35

n/2 odd numbers

F*7 odd numbers

Figure 2 . Case 3 and Case 4

2.2 We express prime numbers as follows.
pL=3, pa=D5, pg="T, -
(3,5, 7, ,Pj—1,p;) are prime numbers arranged in ascending order.
From the above item 2.1 we can calculate M (n) : {the total number of composite
pair in n/2 pairs} as the following (5).

M(n) =m(3) + m(5) + m(7) + -+ m(px) + - +m(pj—1) + m(p;) + (2,0)n
(k:172,37 """ 7j713j) (5)

m(py) : the total number of pairs where x or y is a composite number and
divisible by pj but not divisible by any prime number of (3, 5, 7,
...... Pe1)

pj : the largest prime number that satisfies p < /n.

(2,0),, : when (n—1) is a prime number, (2,0),, = 2 holds true because both
(I,n—1) and (n — 1,1) are composite pairs. When (n — 1) is a
composite number, (2,0), = 0 holds true. If n is large enough,
(2,0),, can be ignored.



T. ISHIWATA

We have the following (6) from the above (5).

l(n) =n/2 — M(n) (6)
2.3 Here we define an imaginary function M’(n) like the following (7).

M'(n) =m'(3) + m/(5) + m'(7) +--- +m'(pr) + -+ m'(pj_1) + m'(p;) + (2,0)n,
(7)

m/(pg) : the total number of pairs where x or y is a composite number and

divisible by pi but not divisible by any prime number of (3, 5, 7,
~~~~~~ ,Pk—1) when we assume that n is not divisible by py

We can have the above M’(n) by assuming that n is not divisible by any prime num-

ber of (3,5, 7,------ ,pj,l,pj)liken:? orn = 2x*p.. (b=3,4,5,------ c=

1,2,3,------ ) In other words we calculate m’(pg) by doubling the total number

of x which is a composite number and divisible by p; but not divisible by any prime

number of (3, 5, 7,------ y Dk—1)-

We can have the following (8) from item 2.1 and the above difinition of m(py) and

m/(pr). We have the following (9) from (8).

m(pk) < m/(pk) (k = 152737 """ 7]) (8)
M(n) < M'(n) (9)

2.4 We define I'(n) as the following (10) and we have the following (11) from (6), (9)
and (10).
'(n) =n/2— M'(n) (10)
'(n) =n/2 — M'(n) <n/2— M(n)=1I(n) (11)
3. The property of I'(n)
3.1 We can calculate m/(pg) on the condition that n is not divisible by pj, as follows.

3.1.1 m/(3) can be calculated as the following (12).
m'(3) =2 % [(n/2)/340.5] —2=2%(n/2)/3=0.33%n (12)
3.1.2 m/(5) can be calculated as the following (13).
m/(5) =2 [{(n/2) —m/(3)} xaz + 0.5] — 2 =0.068 xn
(3x5){1/5—1/(35)}

“=—mma-im /P (13)

{(n/2) — m/(3)} is the total number of pairs where both x and y are not
divisible by 3. a9 is the proportion of (the total number of multiples of 5) in
the total number of odd numbers N which are not divisible by 3in 1 < N <
(2%3%5—1).
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Memo 2

5 is a multiple of 5 but not a composite number. as is calculated including
5. Then we must subtract 2 in the above (13). The same applies to the
above (12) and the following (14)—(16).

3.1.3 m/(7) can be calculated as the following (14).

m/(7) =2 [{(n/2) —m/(3) —m/(5)} xaz +0.5] —2=0.029 xn
Bx5x7){1/7—1/3%7)—1/(B*7)+1/(3x5xT7)}

= (Bx5x7){1—-1/3—-1/5+1/(3%5)} =1/7 (14)

{(n/2) —m/(3) —m/(5)} is the total number of pairs where both x and y are
not divisible by either 3 or 5. ag is the proportion of (the total number of
multiples of 7) in the total number of odd numbers N which are not divisible
by3or5inl < N<(2%3x5%x7—1).

3.1.4 Similarly m/(11) can be calculated as the following (15).

m'(11) =2« [{(n/2) —m'(3) —m/(5) —m/(7)} xas +0.5] —2=0.013%n
(15)

(3x5xTx11){1/11-1/(3%11)—1/(5#11) -1/ (Tx11)41/ (3x5x11)+1/ (5xTx11)+1/(Tx3%11) -2/ (3x5x711)}
a4 = (oo To L) {1- 13- 1/5- 1T+ 1] (383) 1] (5T H1(743)—2(3%5+7)}

s Memo 3 ™
In odd numbers N which are not divisible by 3, 5, or 7in 1 < N <
(2%x3%5%7+11—1) and are arranged in ascending order, the multiples of
11 occur at intervals of 11 on average, although there is some variation.
As mentioned in [Memo 1], |+40.5] is more accurate than |« or [2] when
calculating the total number of the multiples of p that are approximately
equally spaced among the odd numbers and converting the calculation
result z to an integer. The same applies to the above (12)—(14) and the
following (16).

=1/11

3.1.5 m/(p;) can be calculated as the following (16).
m'(p;) =
25 [{(n/2) =m0 (3) = m/(5) — w0/ (T) — -+ -+ — ! (py_2) — (1)} + a; + 0.5] 2
aj = ajj/ajo = 1/p; (16)
ajo : The total number of odd numbers /N which are not divisible by any
prime number of (3,5,7,------ Dj—2,Pj—1) In 1 < N < (2%3%5%7x

...... * pj—l *p] — 1)
a;; : The total number of multiples of p; in ajo

3.2 m/(p;) has 2 composite pairs of (1,p5) and (p3,1) at n = p3 + 1. Then we have the
following (17).

2 <m/(p;) (7 +1<n) (17)
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3.3 We have the following (18) from (7) and (16). < in (18) holds true from |z] < z.

m'(p;) =

2+ [{(n/2) =m'(3) = m'(5) = m/(7) — -+ —m/(pj—2) —m'(pj—1)}/pj +0.5] — 2
<2 [{(n/2) —=m/(3) —m/(5) —m/(7) —------ —m'(pj—2) —m'(pj—1)}/p; +0.5)
=2x[{n/2 - M'(n) +m/(p;) + (2,0)n}/p; +0.5]

< 2% {n/2— M'(n) +m'(p;) + (2,0)n}/p; +1 (18)

We have the following (19) from (10), (11), (17) and (18).

I(n) 2U'(n) =n/2 — M'(n) > (p;/2 — 1)+ m/(p;) — p;/2 = (2,0)n
ij/2—2—(2,0)n2pj/2—4 (19)

We have the following (20) from (19).

1<p;/2—4<U(n)<l(n) (4<j pi+1=122<n)
p; : the largest prime number that satisfies p < \/n (20)

The following (Graph 1) shows I(n) and (p;/2 — 4).
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Graph 1 : [(n)(blue line)[1] and {p;/2 — 4}(red line) from n = 6 to n = 10, 000

3.4 We can find that I(n) has the following properties from the above (20).

3.4.1 We have the following (21).

1< i(n) (122 < n) (21)
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3.4.2 l(n) diverges to co with n — oo because p; diverges to co with j — oo i.e.
n — oo.
4. Conclusion
Goldbach conjecture is true from the following item 4.1 and 4.2.
4.1 Goldbach conjecture is true in 122 < n from (3) and the above (21).

4.2 Goldbach conjecture is already confirmed to be true up to n = 4 % 10'8.
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