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Abstract. This paper is a trial to prove Goldbach conjecture according
to the following process.

1. When an even number n is divided into 2 odd numbers, we make {(n) which
shows the total number of ways to divide an even number n into 2 prime
numbers.

2. We find that 1 < I(n) holds true in 122 < n.

. Goldbach conjecture is already confirmed to be true up to n = 4 * 1018,

4. Goldbach conjecture is true from the above item 2 and 3.

w

1. Introduction

1.1 When an even number n is divided into 2 odd numbers = and y, we can express
the situation as pair (z,y) like the following (1).

n=xz+y=(z,y) (n=6,8,10,12,------ x,y : odd number) (1)
n has n/2 pairs like the following (2).
(177171)7(37”*3)7(53”75)3 """ ,(7175,5),(11—3,3),(7171,1) (2)

We define as follows.
Prime pair : the pair where both = and y in (z,y) are prime numbers
Composite pair : the pair other than the above prime pair. 1 is regarded as
a composite number.
I(n) : the total number of the prime pairs which exist in n/2 pairs shown
by the above (2). (p, q) is regarded as the different pair from (g, p).
(p,q : prime number)

1.2 Goldbach conjecture can be expressed as the following (3).
1<li(n) (n=6,8,10,12,------ ) (3)

Goldbach conjecture is already confirmed to be true up to n = 4 * 10'8. So we can
try to prove Goldbach conjecture in the following condition.

4%10" < n (4)
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2. The total number of composite pair in n/2 pairs

2.1 We can calculate the total number of composite pair where x or y is a composite
(p : prime number)

number and divisible by p in n/2 pairs as follows.

- x=1—

X=p

—yzn-]_

y=n-p |Composite pair

where both x and y

are divisible by p

x=tp —
n/2 pairs -

X=n-p

- x=n-1——-

Case 1

y=n-tp
n/2 pairs -
:|» (p+1) pairs
— V=P .
+1)/2 pairs
IR 2T
: multiple of p
Figure 1 . Case 1 and Case 2

- x=1—- y:n-]_
X=p — y=n-p - -
—— Composite pair
where x or y is

—_— divisible by p

x=n-tp ————— y=tp

x=tp —— y=n-tp
} (p+1) pairs
X=n-p ——T——)= )
P P F +1y2 pais
- x=n-1———— =1

: non-multiple of p

Case 2

Case 1 : When n is divisible by p, both « and y are divisible by p in the pair of

(xay) - (tpanftp)

(t=1,3,5,7,---

7n/p75,n/p737n/p71)

Then

(n/p)/2 composite pairs where both x and y are divisible by p exist in n/2

pairs.

Case 2 :

of (z,y) = (tp,n — tp).
[(n/2)/p + 0.5] — 3,2 % [(n/2)/p + 0.5] — 1)

(t = 173a5777""

When n is not divisible by p, (n — tp) is not divisible by p in the pair
, 2% [(n/2)/p 4+ 0.5] — 5,2 %

Then [(n/2)/p + 0.5] pairs
where z is divisible by p exist in n/2 pairs as shown in the following [Memo 1].
Since p is not a composite number, (p, n—p) is not a composite pair where z is
a composite number and divisible by p. Then (|(n/2)/p+0.5] — 1) composite
pairs where x is a composite number and divisible by p exist. Since the case of
(z,y) = (n —tp, tp) is also similar, the total number of composite pairs where
2 or y is a composite number and divisible by p is (2 x [(n/2)/p + 0.5] — 2).
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If we divide n/2 odd numbers of (1, 3, 5, - ---- ,n—3,n— 1) into groups of
p, there will always be a multiple of p in the middle of each group as shown in
the following (Figure 2). When 0 < frac{(n/2)/p} < 0.5 holds true as shown
in Case 3, the total number of multiples of p is |(n/2)/p]. Frac(z) means
(x — |z]). When 0.5 < frac{(n/2)/p} < 1 holds true as shown in Case 4, the
total number of multiples of p is [(n/2)/p]. Then we can say that the total

number of multiples of p is | (n/2)/p + 0.5] in both Case 3 and Case 4. )
=

Case 3
0 = F=frac{(n/2)/7} < 0.5

F*7 odd numbers

135 79 1113 151719 21232527 293133 35 n-3 n-1

n/2 odd numbers

Case 4
0.5 = F=frac{(n/2)/7} < 1 F*7 odd numbers

7 odd numbers | 7 odd numbers 7 odd numbers 7 odd numbers |

135 79 1113 151719 21232527 293133 35 n-3 n-1

n/2 odd numbers

Figure 2 . Case 3 and Case 4

2.2 We express prime numbers as follows.

(3,5, 7, ,Dj—1,p;) are prime numbers arranged in ascending order.
From the above item 2.1 we can calculate M (n) : {the total number of composite
pair in n/2 pairs} as the following (5).

M(n) =m(3) + m(5) + m(7) + - - - + m(px) + - - - + m(pj—1) + m(p;) + (0,2)n—1
(k:1a273, """ vj_lvj) (5)
m(py) : the total number of pairs where x or y is a composite number and divisible

by pi but not divisible by any prime number of (3, 5, 7,--- -  Pk—25Pk—1)
pj : the largest prime number that satisfies p < /n
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m(p;) has 2 composite pairs of (1,pJ2-) and (p?,l) at n = p? + 1. Then z
or y that are composite numbers and divisible by p; but not divisible by
any prime number of (3,5,7,------ ,Dj—2,pj—1) In (p? +1<n< p?H -1
are (p},pj * Dj1,Dj * P2, D5 * Pj+3, P *Pj+E).  (Dj *Pj+ < Piyr)
Therefore if we divide = or y by prime numbers from 3 to p;, we can determine
whether z or y is a composite number or not in (pj2 +1<n< p?H —1). Since

(p; < \/p? +1</n<, /pjz+1 — 1 < pjt1) holds true, p; is the largest prime

number that satisfies p < v/n.
N\ J
(0,2)p—1: (0,2),—1 =01in (n — 1 : composite number)

(0,2)p—1 =2 in (n — 1 : prime number)
(I,n—1) and (n — 1,1) are not included in any of {m(3),m(5), m(7),------ ,
m(p;j—1), m(p;)} when (n — 1) is a prime number.
We have the following (6) from the above (5).

I(n) =n/2— M(n) (6)

3. The property of l(n)
3.1 We can calculate m(py) from item 2.1 as follows.

3.1.1 m(3) can be calculated as the following (7).
m(3) =(1,2)3), * [(n/2)/3 +0.5] — (0,2)3),, (7)

(1a 2)3|n : (1a 2)3|n =1lin 3|TL (1v 2)3\n =2in3 )f n
(0,2)3n : (0,2)3, =0in3jn  (0,2)3, =2in3¢n
(1,2)p,|n is defined in the same way as above.

- Memo 3 N

3 is a multiple of 3 but not a composite number. |(n/2)/3 + 0.5] is the
total number of multiples of 3 in z or y as shown in [Memo 1]. We cannot
include (3,n — 3) and (n — 3,3) into m(3) when n is not divisible by 3 as
shown in Case 2 in item 2.1. Then we must subtract (0,2)s),, = 2 in the
above (7). The same applies to the following (8),(10), (12) and (13).

3.1.2 m(5) can be calculated as the following (8).

m(5) = (1,2)spn * [{n/2 — m(3)} * a2 +0.5] — (0,2)5/5,3/(n—5) (8)

gy = D5 — (12an/B45)} (/2015 = (1, Dun/B#5)} _ o
2T /21— (L23/3} +(0,2)3, — (n/2){1— (1,2)3./3} o)
9

(Oa 2)5|n,3\(n—5) : (Oﬂ 2)5|n,3\(n—5) =0in {5|n} or {5 'f n and 3‘(” - 5)}
(Oa 2)5|n,3\(n—5) =2in {5 Jf n and 3 * (n - 5)}
{n/2 —m(3)} is the total number of the following 3 types of pairs.
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(1) Both z and y are composite numbers not divisible by 3.

(2) One of z and y is a composite number not divisible by 3, and the other
is a prime number.

(3) Both x and y are prime numbers.

as is the proportion of (the total number of multiples of 5) in the total number
of x or y of {n/2 —m(3)} pairs.

e Memo 4 N

Whether (5,n—5) and (n—>5, 5) are included in m(5) depends on whether
n is divisible by 5 or not as shown in item 2.1. However, if (n — 5) is
divisible by 3, then (5,n — 5) and (n — 5, 5) are already included in m(3)
and they cannot exist in m(5). Therefore (0,2)s),3/(n—5) is defined as
above.

When n is not divisible by 3, {n/2 — m(3)} pairs include (3,n — 3) and
(n—3,3) from (7). But (n/2){1 — (1,2)3),,/3} pairs do not include these
2 pairs. Then we must add (0,2)s),, to (n/2){1 —(1,2)3},,/3} as shown in
the above (9).

Ignoring (0,2)3),, in (9) overestimates m(5) and it underestimates I(n)
from (5) and (6). So ignoring (0, 2)3},, does not affect the proof of (3).

N
3.1.3 m(7) can be calculated as the following (10).

m(7) = (1, 2)71 % [{n/2 = m(3) = m(5)} x ag +0.5] = (0,2)7/n,3~5)|(n-7) (10)

(n/2>{1/7_(1>2>3\n/(3*7>_(1’2)5|n/(5*7)+<1a2)3|n*(1a2>5\n/(3*5*7)}
5
(n/2){1=(1,2)3)n /3= (1,2)5) /5+(1,2)3)n¥(1,2)5]n / (3%5) }+ 23(0)2)pk\n,(3~pk_l)\(n—pk)
PR=
_ (n/2){1/7 - (L 2)3|n/(3 * 7) - (1’ 2)5\71/(5 * 7) + (17 2)3\71 * (la 2)5|n/(3 * D x 7)}

(n/2){1 - (17 2)3\71,/3 - (1a 2)5|n/5 + (17 2)3\71, * (1a 2)5|n/(3 * 5)}
=1/7 (11)

We define as follows.
(3~5)|(n—"7): (n—"7) is divisible by at least one prime number between 3

and 5.
(3~5)t(n—"7): (n—"7) is not divisible by any of the prime numbers from 3
to 5.
(0, 2)7|n,(3~5)|(n—7) : (0, 2)7|n,(3~5)\(n—7) =0in {7|n} or {7J(n and (3 ~
5)|(n—1)}

(0,2)7n,(3~5)|(n-7) =2 {7fn and 3~5)1(n—T7)}
(0,2)p, n,(3~pr_1)|(n—p) is defined in the same way as above. We define
(O’ 2)171«\”7(3NP1¢71)|(”—P1¢) = (Oa 2)3|n at pp = 3.
{n/2 —m(3) —m(5)} is the total number of the following 3 types of pairs.
(1) Both z and y are composite numbers not divisible by either 3 or 5.
(2) One of z and y is a composite number not divisible by either 3 or 5, and
the other is a prime number.



3.14

3.1.5

T. ISHIWATA

(3) Both z and y are prime numbers.

ag is the proportion of (the total number of multiples of 7) in the total number
of z or y of {n/2 —m(3) — m(5)} pairs.

We must subtract (0,2)7),,(3~5)|(n—7) in (10) due to the same reason as in
[Memo 4].

We must add 25: (0,2) . 1n,(8~pr—1)|(n—py) i (11) due to the same reason as
in [Memo 4]. "

Ignoring 25: (0,2)p,. n,(3~pr_1)|(n—ps) i (11) overestimates m(7) and it under-
estimatesp;(:;) from (5) and (6). So it does not affect the proof of (3).

~ Memo 5 ™

While the multiples of 7 occur at intervals of 7 among consecutive odd
numbers, in  or y of {(n/2) —m(3) —m(5)} pairs which are arranged in
ascending order, the multiples of 7 also occur at intervals of 7 on average
as ag shows. This is because, while multiples of 3 or 5 exist at intervals
of 3 or 5 among consecutive odd numbers, multiples of 3 or 5 also exist
at the same intervals of 3 or 5 among consecutive multiples of 7.

As mentioned in [Memo 1], [2+40.5] is more accurate than || or [x] when
calculating the total number of the multiples of p that are approximately
equally spaced among the odd numbers and converting the calculation
result « to an integer. The same applies to the above (7), (8) and the
following (12) and (13).

Similarly m(11) can be calculated as the following (12).
m(11) =
(1,2)11}n * [{n/2 = m(3) = m(5) — m(7)} * as + 0.5] = (0,2)11)n,(3~7)|(n—11)

(12)
a4 = Qasa/@ai0 = 1/11
A4x0 = (n/2){1 - (17 2)3|n/3 - (17 2)5\n/5 - (17 2)7|n/7 + (17 2)3\n * (17 2)5|n/(3 * 5)

+ (L,2)50n * (1,2)7(n/ (5% 7) + (1,2)7)n * (1,2)3)n/(7 % 3)
7
— 25 (1,2)30 % (1,2)s510 % (1,2)710/B x5 5 1)} 4+ > (0,2) i, B 1) (n—pr)

agus = (n/2){1/11 = (1,2)3n /(3 % 11) = (1,2)5n /(5 % 11) = (1,2)7n /(7 + 11)
+ (1, 2)31n * (1,2)51n/(3 % 5% 11) + (1,2)5), * (1,2)7)5 /(5 * 7 11)
+ (1, 2) 710 * (1,2)3)n /(T # 3% 11) — 2% (1,2) 30, * (1,2) 505, * (1,2)7,/(B* 5% Tx 11)}
= (1/11) * a4

m(p;) can be calculated as the following (13).

m(p;) =(1,2)p,1n * [{n/2 = m(3) = m(5) —m(7) —------ —m(pj-2)
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—m(pj—1)} *a; +0.5] = (0,2)p,n,(3~p;_1)|(n—p;) (13)
a;j =ajj/ajo = 1/p;

ajo : {The remainder after removing the pairs of (multiples of p., n— multiples

of p.) and (n— multiples of p., multiples of p.) from n/2 pairs} plus
Pj—1

23(032)p;€\n,(3~pk,1)|(n—pk) (pc = 3353 77 """ ’pj—2apj—1)
Pr=

a;; : The total number of multiples of p; in ajo

3.2 x or y that are composite numbers and divisible by p; but not divisible by any
prime number of (3,5,7,------ ,Dj—2,pj—1) in (p? +1<n< p?H —1) are (p?,pj *
Dj+1,Dj * Dt Dj * Djts, oo 0i*pjye).  (Pi*pjye <Dpjy1)  m(pj) has the
following composite pairs.

3.2.1 In (p? +1<n= p? + ko < pj * pj+1 — 1) m(p;) has the following 2 cases.
(ko = 17 3a 57 """ y Dj *pj+1_p3_1) Because m(pj) has (p?a kO) and (kOapg)

Case 5: m(p;) =2 (ko :1 or prime number)
p;) =0

Case 6 : m(p;) (ko : composite number excluding 1)

322 In (pj*pj41+1 <n=p;*pjr1+ki <pj*pjr2—1) m(p;) has the following
2 cases. (k; =1,3,5,-+---- ,Dj *Dj+2 — Dj *pjr1 — 1)  Because m(p;) has
(pj * pjt1, k1) and (ki,p; * pjy1)-

Case 7: 2<m(p;) (ki:1 or prime number)
Case 8: 0<m(p;) (k1 :composite number excluding 1)

3.2.3 Similarly m(p;) has the following 2 cases in (pj*pji2+1 < n = pj*pjra+ka <
pj *Pj+s — 1).
Case 9: 2<m(p;) (k2:1 or prime number)
Case 10 : 0 <m(p;) (k2 : composite number excluding 1)

3.2.4 We can find that m(p;) has the following 2 cases from the above item 3.2.1—
3.231n (pj*pjtet+1 <n=pj*pjte+ke <pj*Djyer1—1) or (pj*pjrp+1<
n=pj*pjre+ke<pi,—1). (0<e<E-1)

Case A: 2<m(p;) (keor kg:1 or prime number)

Case B: 0<m(p;) (ke or kg : composite number excluding 1)

If we assume Case A under the conditions of Case B, this assumption over-
estimates m(p;) and it underestimates I(n) from (5) and (6). So it does not
affect the proof of (3). Then we have the following (14).

2 < m(p;) P +1<n<pl,—1) (14)

3.3 We have the following (15) from (5), (6), (13).
The 1st “ <7 in (15) holds true by ignoring (0,2),,|n,(3~p,_1)|(n—p,)- Because this
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term can have only the value of 0 or 2.

The 2nd “ =" in (15) holds true from (5)
The 3rd “ =" in (15) holds true from (6)
The 2nd “ <7 in (15) holds true from [z]| < z.

;) = (1,2, * L{n/2 ~ m(3) ~ m(5) ~m(7) - = m(p;-2) ~ mlp;-1)}/p; + 05)
- (0, 2)pj|"»(3~Pj—1)|(n—Pj)
< (1,2)p,n * [{n/2 = m(3) —m(5) —m(7) —------ —m(pj—2) —m(pj-1)}/p; +0.5]
= (1,2)p,n * {n/2 = M(n) + m(p;) + (0,2)n-1}/p; + 0.5
= (1,2)p,n * [{{(n) + m(p;) + (0,2)n—1}/p; + 0.5]
< (1,2)p,n * {U(n) +m(p;) + (0,2)n-1}/p; +0.5]
= (L,2)p; 1 * {U(n) + m(p;) + (0,2)n—1}/pj + (1,2)p;1n/2 (15)
We have the following (16) and (17) from (14), (15) and (0,2),,—1 < 2.
Un) > {pj/(1,2)p,, } *m(p;) — pj/2 —m(p;) — (0,2)n-1
={p;/(1,2)p,,, — 1} xm(p;) —p;/2 —(0,2)p—1
> 4{pi/(1,2)p,, — 1} xmlp;) —p;/2 =2
>{pi/(1,2)p,, —1}*x2—p;/2 -2
=pj/2—4 pitn  (1,2)p,,=2) (16)
ln) =2 {p;/(1,2)p,, =1} x2—p;/2 -2
=3x*p;/2—4>p;/2—-4 (pjln (172)pj|n =1) (17)

We have the following (18) from (16) and (17).
1<pj/2—4<I(n) (4<j pi+1=112+1=122<n) (18)

The following (Graph 1) shows {(n) and (p;/2 —4). p; is the largest prime number
that satisfies p < y/n.
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Graph 1 : [(n)(blue line)[1] and {p;/2 — 4}(red line) from n = 6 to n = 10,000

3.4 We can find that I(n) has the following properties from the above (18).

3.4.1 We have the following (19).
1 <l(n) (122 < n) (19)

3.4.2 I(n) diverges to oo with n — oo because p; diverges to co with j — oo i.e.
n — 0o.

4. Conclusion
Goldbach conjecture is true from the following item 4.1 and 4.2.
4.1 Goldbach conjecture is true in 122 < n from (3) and the above (19).

4.2 Goldbach conjecture is already confirmed to be true up to n = 4 % 10'8.
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Appendix 1. : Investigation of l(n)

1.1 When an even number 7 is divided into 2 odd numbers = and y, we can find the pair
of w(n),l(n), Mgz, My, my and mg, in n/2 pairs of (x,y) as shown in the following

(Figure 3).
X J
K A A
i)
(n) ‘
m,=m(n)-I(n)
\ 4 V}
n/2 m,=n(n)-l(n)
}V
m,,.=n/2-m(n)
m,
: prime number : composite number

Figure 3 : Various pairs in n/2 pairs of (z,y)

We define as follows.

m(n) : w(n) shows the total number of prime numbers which exist between
1 and n. But we use 7(n) in the above (Figure 3) for the total number
of prime numbers which exist in n/2 odd numbers of (1, 3, 5, ------ ,
n—>5,n—3,n—1). Strictly speaking, this value must be w(n — 1) — 1.
But we can say 7n—1)—1=mn(n)—1=n(n)
because n is an even number and a large number as shown in (4).

Mg - the total number of pairs where x is a composite number. 1 is
regarded as a composite number.

myg . the total number of pairs where x and y are composite number and
prime number respectively

1.2 We have the following (20) from Prime number theorem.

m(n) n/logn 1
n - n ~ logn (n = oo) (20
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We have lim mn) = lim = 0 from the above (20). Then we have the
n—oo N n—>0010gn
_ : . 7(n)
following (21) from (Figure 3) and lim —= =0
n—oo N
Myy =n/2 —mw(n) = (n/2){1 —27(n)/n} ~ n/2 (n — ) (21)

When m,, approaches n/2 with n — oo as shown in the above (21), m, approaches
m(n) with n — oo due to the following reasons.

1.2.1 m, shows the total number of prime numbers which exist in y of m,, as shown
in (Figure 3).

1.2.2 y of my, approaches n/2 odd numbers of (1, 3, 5, ------ n—5n—3n—1)
with n — oo as shown in the above (21).

1.23 (1,3,5, -+~ ,n—>5,n—3,n—1) has 7(n) prime numbers as shown in item
1.1.

Then we can have the following (22) from (Figure 3).

my =m(n) —I(n) =m(n){1 —I(n)/x(n)}  ~  w(n) (n—o00)  (22)
We have nh_{r;o 7i'((T:L)) = 0 from the above (22). We have the following (23) from the

above (21) and (22).

w(n) —Il(n) N w(n)

w2~ 7(n) w2 (n — o) (23)

We have the following (24) from the above (23) and Prime number theorem.

We can find that {(n) has the following properties from the above (24).

1.2.4 I(n) repeats increases and decreases with increase of n as shown in the follow-

ing (Graph 2). But overall I(n) is an increasing function regarding n because
2n

(logn)?

1.2.5 I(n) diverges to co with n — oo because

is an increasing function regarding n.

2n . .
ﬁ diverges to oo with n — oo.
ogn
(102‘—”71)2 seems to approximate [(n) sufficiently well as shown in the following
(Graph 2).

1.3
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Graph 2 : I(n)(blue line)[1] and (k)z—r:ly(yellow line) from n = 6 to n = 10,000
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