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Abstract. This paper is a trial to prove Riemann hypothesis according

to the following process.

1. We make one identity regarding = from one equation that gives Riemann
zeta function ((s) analytic continuation and 2 formulas (1/2+a=+bi, 1/2—
a £ bi) that show non-trivial zero point of {(s).

2. We find that the above identity holds only at a = 0.

3. Therefore non-trivial zero points of {(s) must be 1/2 + bi because a cannot
have any value but zero.

1. Introduction

The following (1) gives Riemann zeta function ¢(s) analytic continuation to 0 < Re(s).
S ” means infinite series in all equations in this paper.

1— 275 + 373 o 478 + 5*5 _ 6*5 4 — (]_ —_ 2178)4.(5) (1)

The following (2) shows the zero point of the left side of (1) and also non-trivial zero

point of {(s). i is v—1.
So=1/2+a+bi 0<a<1/2 14<b) (2)

The following (3) also shows non-trivial zero point of {(s) by the functional equation of

¢(s)-
51:1750:1/27043Fb7, (3)

We define the range of ¢ and b as 0 < a < 1/2 and 14 < b respectively. Then we can
show all non-trivial zero points of {(s) by the above (2) and (3). Because non-trivial
zero points of ((s) exist in the critical strip of ((s) (0 < Re(s) < 1) and non-trivial zero
points of {(s) found until now exist in the range of 14 < b.

We have the following (4) and (5) by substituting Sy for s in the left side of (1) and putting
both the real part and the imaginary part of the left side of (1) at zero respectively.

_cos(blog2)  cos(blog3) = cos(blog4) cos(blog5)

91/2+a 31/2+a 41/2+a 5l/2+a (4)
_sin(blog2) sin(blog3) = sin(blog4) sin(blog5) 5
T 9l/2ta  3l/2+a 41/2+a yl/24a 7T ()
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We also have the following (6) and (7) by substituting S; for s in the left side of (1)
and putting both the real part and the imaginary part of the left side of (1) at zero

respectively.
_cos(blog2) cos(blog3) ~cos(blog4) cos(blogh)
T 9l/2—a 3l/2-a 41/2—a  gij/2—a 7 (6)
_sin(blog2) sin(blog3)  sin(blog4) sin(blogh)
T 9l/2—=a 31/2-a 41/2—=a glj2—a 77 (7)

2. The identity regarding x
We define f(n) as follows.

1 1
f(n) = n1/27a - n1/2+a 2 O (n = 2? 3)47 57 ...... ) (8>

We have the following (9) from the above (4) and (6) with the method shown in item 1.1
of [Appendix 1: Equation construction].

0 = f(2)cos(blog2) — f(3) cos(blog3) + f(4) cos(blog4) — f(5)cos(blogb) +------ 9)

We also have the following (10) from the above (5) and (7) with the method shown in
item 1.2 of [Appendix 1].

0 = f(2)sin(blog2) — f(3)sin(blog3) + f(4)sin(blog4) — f(5)sin(blogh) 4 ------ (10)

We can have the following (11) regarding real number z from the above (9) and (10)
with the method shown in item 1.3 of [Appendix 1]. The value of (11) is always zero at
any value of x.

0 = cos z{the right side of (9)} + sin z{the right side of (10)}
=cosx{f(2) cos(blog2) — f(3)cos(blog3) + f(4) cos(blogd) —------ }
+sinx{ f(2) sin(blog 2) — f(3)sin(blog3) + f(4)sin(blog4) —------ }
=f(2) cos(blog2 — z) — f(3) cos(blog3 — ) + f(4) cos(blog4 — x)
— f(5) cos(blogb — ) + f(6) cos(blog6 — ) — -+ - (11)

At a = 0 we have the following (8-1) and the above (11) holds at a = 0.

1 1
f(n) = nl/2—a  pl/24a

0 (n=2,3,4,5,-- a=0) (8-1)

We have the following (12-1) by substituting blog 1 for x in (11).

0=f(2)cos(blog2 —blog1) — f(3) cos(blog3 — blog 1) + f(4) cos(blog4d — blog 1)
— f(5)cos(blog5 —blog1) + f(6) cos(blogb — blogl) —------ (12-1)

We have the following (12-2) by substituting blog2 for x in (11).

0 =f(2) cos(blog2 — blog2) — f(3) cos(blog3 — blog2) + f(4) cos(blog4 — blog 2)
— f(5) cos(blog 5 — blog 2) + f(6) cos(blogb — blog2) —------ (12-2)
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We have the following (12-3) by substituting blog3 for x in (11).
0 =f(2) cos(blog2 — blog3) — f(3) cos(blog3 — blog3) + f(4) cos(blog4 — blog 3)
— f(5) cos(blogb — blog 3) + f(6) cos(blog6 — blog3) —------ (12-3)

In the same way as above we can have the following (12-N) by substituting blog N for x
n (11). (N =4,5,6,7,------ )

0 =f(2) cos(blog2 —blog N) — f(3) cos(blog3 — blog N) + f(4) cos(blog4 — blog N)
— f(5) cos(blog5 — blog N) + f(6) cos(blog6 — blog N) — ------ (12-N)
3. The solution for the identity of (11)

3.1 We define g(k, N) as follows. (k=2,3,4,5,------ N=1,2,3,4,-+---- )

g(k,N) = cos(blogk — blog 1) + cos(blog k — blog2) + cos(blog k — blog3) + - - + cos(blog k — blog N)
= cos(blog1 — blogk) + cos(blog2 — blog k) + cos(blog 3 — blog k) + - - + cos(blog N — blog k)
= cos(blog 1/k) + cos(blog 2/k) + cos(blog 3/k) + - - - + cos(blog N/k) (13)

We can have the following (14) from N equations of (12-1), (12-2), (12-3), ------ )
(12-N) with the method shown in item 1.4 of [Appendix 1].

0= f(2){cos(blog2 — blog 1) + cos(blog 2 — blog 2) + cos(blog2 — blog3) + - -+ + cos(blog2 — blog N)}
—f(3){cos(blog3 — blog 1) + cos(blog 3 — blog2) + cos(blog3 — blog3) + -+ + cos(blog3 — blog N)}
+f(4){cos(blog4 — blog 1) + cos(blog4 — blog2) + cos(blog 4 — blog3) + - - + cos(blog 4 — blog N)}
—f(5){cos(blogh — blog1) + cos(blog 5 — blog2) + cos(blog5 — blog3) + - - - + cos(blog5 — blog N)}

= f(2)9(2,N) = f(3)9(3, N) + f(4)g(4, N) = f(5)g(5, N) +------ (14)

3.2 If (11) holds, the sum of the right sides of infinite number equations of (12-
1), (12-2), (12-3), (12-4), (12-5), ------ becomes zero. The rightmost side
of (14) is the sum of the right sides of N equations of (12-1), (12-2), (12-
3), e , (12-N) as shown in item 1.4 of [Appendix 1]. Therefore if (11) holds,
]\}iinoo{the rightmost side of (14)} = 0 must hold.

We have the following (22) in [Appendix 2 : Investigation of g(k, N)].

N cos(blog N/k — tan~! b)

kE,N) ~
g(k,N) T
(N—=o0o k=23405-- 0477 %7 < tan ' b < 7/2) (22)

Here we define F'(a) as follows.
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From (14), (22), cos(blog N/2 — tan~1b) # 0 shown in [Appendix 3 : Proof of

_ . cos(blog N/k —tan~tb)
blog N/k —tan~1b) # 0] and 1
cos(blog N/ an”"b) # 0] an NS5 cos(blog N/2 — tan~1 b)

blog N/k —tan™1b
cos(blog N/k — tan” b) _ 11 o have the following (16).
(blog N/2 — tan—1b)

=1 shown in [Ap-

pendix 4 : Proof of lim
N—o00 COS

{the rightmost side of (14)}
= f(2)9(2,N) = f(3)9(3, N) + f(4)g(4, N) = f(5)g(5, N) +------
N cos(blog N/2 — tan™1 b) N cos(blog N/3 — tan~! b)

Y IO O
N cos(blog N/4 — tan~ 1 b) N cos(blog N/5 — tan~1 b)
i) sl - £5) = TS
N xcos(blog N/2 — tan™' b) cos(blog N/3 — tan~1b)
=1 V1+0? HI@) = 13) cos(blog N/2 — tan~—1 b)

cos(blog N/4 — tan~1! b)

cos(blog N/2 — tan~1b)

N % cos(blog N/2 — tan™1 b)
V142

N % cos(blog N/2 — tan~1 b)

V14b?

3.3 We have the following (17) from Leibniz’s theorem[l]. Because F'(a) is an alter-
nating series. f(n) has a positive value that decreases and converges to zero with

cos(blog N/5 — tan=1 b)

—10) cos(blog N/2 — tan~1b) L }

Pedf@) = fB)+f(4) = fB) +---- }

+ f(4)

~

=1 }x F(a) (N = o0) (16)

n — 00.

F(a) > £(2) ~ £3) = Gy — gsea) ~ Groms — 5a) 20 (17)

i N * cos(blog N/2 — tan~1 b)
N— 00 ‘/1+b2

from the above (17). Then J\}im {the rightmost side of (14)} diverges to oo in
—00

0 < a < 1/2 from the above (16) i.e. (11) does not hold in 0 < a < 1/2. (11) holds
at @ = 0 as shown in section 2. Therefore the solution for the identity of (11) is
only a = 0.

diverges to +00. 0 < F(a) holds in 0 < a < 1/2

4. Conclusion

a has the range of 0 < a < 1/2 by the critical strip of ((s). However, a cannot have
any value but zero as shown in the above section 3. Therefore non-trivial zero point of
Riemann zeta function ((s) shown by (2) and (3) is 1/2 &+ bi and other non-trivial zero
point does not exist.
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Appendix 1. : Equation construction

We can construct (9), (10), (11) and (14) by applying the following Theorem 1[1].

~ Theorem 1 ~N

If the following (Series 1) and (Series 2) converge respectively, the following (Series
3) and (Series 4) hold.

(Series 1) = a1 +as +as+as+as+ -+ =A

(Series 2) = by +ba+ b3 +bg+bs+ -+ =B

(Series 3) = (a1 + b1) + (a2 + b2) + (ag +b3) + (ag + bg) + -+~ =A+B

(Series 4) = (a1 — b1) + (ag — b2) + (a3 —b3) + (ag —bg) + -+ -~ =A-B )
-

1.1. Construction of (9)
We can have (9) as (Series 4) by regarding (6) and (4) as (Series 1) and (Series 2)
respectively.

1.2. Construction of (10)
We can have (10) as (Series 4) by regarding (7) and (5) as (Series 1) and (Series 2)
respectively.

1.3. Construction of (11)

We can have (11) as (Series 3) by regarding the following (11-1) and (11-2) as (Series
1) and (Series 2) respectively.

(Series 1) = cos z{the right side of (9)} =0 (11-1)
(Series 2) =sin z{the right side of (10)} =0 (11-2)

1.4. Construction of (14)
1.4.1 We can have the following (12-1*2) as (Series 3) by regarding the following (12-1)
and (12-2) as (Series 1) and (Series 2) respectively.

(Series 1) =f(2) cos(blog2 — blog 1) — f(3) cos(blog3 — blog1)

+ f(4) cos(blogd — blog 1) — f(5) cos(blogs — blog 1)

+ f(6) cos(blog6 —blog1) —------ =0 (12-1)
(Series 2) =f(2) cos(blog2 — blog2) — f(3) cos(blog3 — blog 2)

+ f(4) cos(blog4 — blog2) — f(5) cos(blog 5 — blog 2)

+ f(6) cos(blog6 — blog2) —------ =0 (12-2)
(Series 3) =f(2){cos(blog2 — blog1) + cos(blog2 — blog 2)}

— f(3){cos(blog3 — blog1) + cos(blog3 — blog2)}
+ f(4){cos(blog4 — blog1) 4 cos(blog4 — blog 2)}
— f(5){cos(blog5 — blog 1) + cos(blog5 — blog2)}
TR =040 (12-1%2)
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1.4.2 We can have the following (12-1*3) as (Series 3) by regarding the above (12-1*2)
and the following (12-3) as (Series 1) and (Series 2) respectively.

(Series 2) = f(2) cos(blog2 — blog 3) — f(3) cos(blog3 — blog 3)
+ f(4) cos(blog4 — blog 3) — f(5) cos(blog5 — blog 3)
+ f(6) cos(blog6 — blog3) —------ =0 (12-3)
(Series 3)
= f(2){cos(blog2 — blog 1) + cos(blog2 — blog2) + cos(blog2 — blog 3)}
— f(3){cos(blog3 — blog 1) + cos(blog3 — blog2) + cos(blog3 — blog 3)}
+ f(4){cos(blog4 — blog 1) + cos(blog4 — blog2) + cos(blog4 — blog 3)}
— f(5){cos(blogh — blog 1) + cos(blog5 — blog2) + cos(blog5 — blog 3)}
TR =040 (12-1*3)

1.4.3 We can have the following (12-1*4) as (Series 3) by regarding the above (12-1*3)
and the following (12-4) as (Series 1) and (Series 2) respectively.

(Series 2) = f(2) cos(blog 2 — blog4) — £(3) cos(blog 3 — blog 4)
+ f(4) cos(blog 4 — blog4) — £(5) cos(blog 5 — blog4)
+ £(6) cos(blog 6 — blogd) — ------ —0 (12-4)
(Series 3)
= f(2){cos(blog2 — blog 1) + cos(blog2 — blog 2) + cos(blog 2 — blog 3) + cos(blog 2 — blog 4)}
—f(3){cos(blog3 — blog1) + cos(blog 3 — blog2) + cos(blog3 — blog3) + cos(blog 3 — blog4)}
+f(4){cos(blog4 — blog1) + cos(blog4 — blog2) + cos(blog4 — blog3) + cos(blog4 — blog4)}
—f(5){cos(blog 5 — blog 1) + cos(blog 5 — blog 2) + cos(blog 5 — blog3) + cos(blog 5 — blog4)}
Lo =040 (12-14)

1.4.4 In the same way as above we can have the following (12-1*N)=(14) as (Series
3) by regarding (12-1*N-1) and (12-N) as (Series 1) and (Series 2) respectively.
(N =5,6,7,8-+---- ) g(k,N) is defined in page 3. (k=2,3,4,5,------ )

(Series 3)=

f(2){cos(blog2 — blog1) + cos(blog2 — blog2) + cos(blog 2 — blog3) + - - + cos(blog 2 — blog N)}
—f(3){cos(blog3 — blog1) + cos(blog 3 — blog2) + cos(blog3 — blog3) + -+ + cos(blog 3 — blog N)}
+f(4){cos(blog4 — blog 1) + cos(blog4 — blog 2) 4 cos(blog4 — blog3) + - - + cos(blog4 — blog N)}
—f(5){cos(blog 5 — blog 1) + cos(blog5 — blog 2) + cos(blogh — blog3) + -+ + cos(blog 5 — blog N)}

= f(2)9(2,N) — f(3)9(3,N) + f(4)g(4,N) — f(5)g(5,N) +------
=040 (12-1*N)
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Appendix 2. : Investigation of g(k, N)

2.1 We define G and H as follows. (N =1,2,3,4,------ )

1 2 N
G = lim —{cos(blog ﬁ) + cos(blog N) + cos(blog %) + -+ 4 cos(blog N)}

N—oo N
1
= / cos(blog z)dx (20-1)
0

1 1 . 2 . 3 . N
H = lim —{sm(blog N) + sin(blog N) + sin(blog N) + - +sin(blog N)}

N—oo N
1
= / sin(blog z)dx (20-2)
0
We calculate G and H by Integration by parts.
G = [zcos(blogz)|s + bH = 14+ bH H = [zsin(blogz)]§ — bG = —bG

Then we can have the values of G and H from the above equations as follows.

1 —b
T 1402 H_1_|_b2 (21)

2.2 From (13) and the above (21) we have the following (22).

g(k,N) = cos(blog 1/k) + cos(blog 2/k) 4 cos(blog 3/k) + - - - + cos(blog N/k)

= N+{cos(blog £ ) + cos(blog 2 &) + cos(blog 2 &) + - + cos(blog K2}

= N+-{cos(blog + + blog &) + cos(blog % + blog ')
+cos(blog 2 +blog ) 4+ + cos(blog X + blog &)}

= N+ cos(blog &) {cos(blog &) + cos(blog 2 ) + cos(blog 2) + - - + cos(blog )}
—N+ sin(blog &) {sin(blog 1) + sin(blog 3) + sin(blog &) + -+~ + sin(blog &)}

N N
~ N cos(blog E)G — Nsin(blog F)H
N 1 N b
=N 1 N log —)——
Cos(b 0g - )1 = + Nsin(blog . )1 + =
= {cos(blo E) ! + sin(blo ) }
\/1+b2 RVTEe 3 \/ =
N N
= log — —tan~*'
mcos(b 0g - tan™" b)
(N =00 k=2345 - 0477* 7 < tan"'b < 7/2) (22)

Since the range of b is 14 < b as shown in section 1 in the text, the range of tan=1 b
is (0477 xm < tan~'b < 7/2).
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Appendix 3. : Proof of cos(blog N/k — tan='b) # 0

For cos(blog N/k — tan™'b) = 0 to hold the following (23) must hold. We have the
following (24) from (23).

blog N/k —tan™'b=1%m/2 (k=2,3,4,----- l=41,43,45 - ) (23)
o tan—1
N = kxe 25— (24)

Ixm/24+tan b #0 (04777 <tan 'b< /2 | =41,43,45 - ) (25)

Since the right side of (24) cannot be a natural number from (25), (24) does not hold.
Therefore cos(blog N/k — tan~! b) = 0 does not hold.

cos(blog N/k —tan"'b)

A dix 4. : Proof of li =1
ppend root ot % cos(blog N/2 — tan—1 b)
4.1 We define as follows.
blog N/2 —tan"'b = h(2, N) (26)
blog N/k —tan~' b = h(k, N) (27)
We have the following (28) and (29) from (26) and (27).
lim A(2,N) = o0 lim h(k,N) = o0 (28)
N —o0 N—oo

h(k,N) . blogN/k —tan=1b
im = lim 7 =
Noooh(2,N) N-coblogN/2 —tan™tb

(29)

4.2 We have the following (30) by performing Maclaurin expansion of cos z. We have
the following (31) from (30).

CIL‘Q 31‘4 3';6 n xQn
COS:E:l_E—’_E_a—F ...... +(_1) (2n)'+ ...... (30)
0 2"
Z(fl)n Ol ~ cos T (ngp — 00) (31)
n=0 :
4.3 We have the following (32) from (28) and (29).
y 1 - b | RGNS RGNS 4 (_1)no%
un 2 4 6 2n,
N—oo] _ h(2éJ!V) + h(2iJ!V) _ h(2é1!\’) IR + (_1)%%
) M N M e i
— lm ) no .272n _472n éizn ¢ ”_
N—oo  h(2,N) h(2, N)—2no — ’“L(QaNz)I ° 4 h(2»N4)! o _ h(2ng! LTI ((27112));’
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(=1

= {1} ((f’l’)ojﬁ) =1 (no=10,1,2,3, - 112k < N) (32)

(2n0)'

If the following (33) holds true, we have the following (34) from 14 < b and (33).
Then we will perform N — oo in the above (32) in the range of 1.12% k < N to
avoid h(k, N) = 0.

blog N/k —tan™*b = h(k,N) =0 (33)
1< Nk <™ =111 (34)

4.4 We can have the following (35-1) and (35-2) from (31) and (32).
Since (35-1) holds for any ng as shown in (32) and

2 4 6 o h(kN)270

17h(kéf!\’) +h(k4,11!\7) 7h(ké1!V) oot (=1) 0%

n(2,N)4  h(2,N)6 nn h(2,N)270
(4!)7(6!)+ ...... Jr(,l)ow

approaches

2
1- b7,

blog N/k—tan~'b
(C:?)ZEI)IZE N§2—t22_1 bg with ng — oo from (31) as shown in (35-2),

- cos(blog N/k — tan~1b)
N—oocos(blog N/2 — tan=1b)

=1 holds true.

R Ml el kit ke - s
= lim -
h(2,N)? h(2,N)* h(2,N)6 o h(2,N)2"

N—oo] — (221IV) + (2411\0 _ (261!V) Foeeennn +(-1) 0%
cos{h(k,N)} . cos(blog N/k — tan~1b)
~ _— = 1
N cos{h(2,N)} N cos(blog N/2 — tan—1 b) (ng — o)
(35-2)
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